of all Riemann limits of $f$ by $R.L.(f)$ .
The question whether $R.L.(f)$ is always a convex set or not was asked by I. Halperin who, with Miller in [3] , has given the affirmative answer in the case where $E$ is a Hilbert space, generalizing the result of finite dimensional case by P. Hartman [1] and R. L. Jeffery [2] .
Here we give (i) a condition for $E$ which is weaker than uniform convexity and sufficient for R. $L.(f)$ to be convex for every $f,$ $(ii)$ an example of a non-convex $R.L.(f)$ , and (iii) a proof of the non-emptiness of $R.L.(f)$ for separable $E$ .
1. We consider the following property $(*)$ of Banach space $E$ :
$(^{*})$
For every $\epsilon>0$ , there exists $\delta>0$ such that for every finite sequence $x_{1},$ $x_{2}\cdots,x_{n}\in E$ with $\Vert x_{i}\Vert\leqq\delta(i=1,2, \cdots, n)$ and $\sum_{i=1}^{n}\Vert x_{i}\Vert\leqq 1$ there exists a subset $J$ of $\{1, 2, \cdots, n\}$ for which $\Vert\sum x_{i}-\sum x_{i}\Vert i\in Ji\not\in J<\epsilon$ .
We show, by an argument which is essentially due to [2] , that for every bounded function $f,$ $R.L.(f)$ is convex, if $E$ satisfies $(^{*})$ . We suppose that $||f(t)\Vert\leqq 1$ for every $t$ in the interval. Suppose $x,$ $y\in R.L.(f)$, then there exist Riemann sums $x^{\prime}=\sum_{i=1}^{n}f(\tau_{i})(t_{i}-t_{\ell-1})$ and $y^{\prime}=\sum_{j=1}^{m}f(\sigma_{j})(s_{j}-s_{j-1})$ with $\Vert x-x^{\prime}\Vert<\epsilon$ and $\Vert y-y^{\prime}\Vert<\epsilon$ .
We can suppose, moreover, that for the intersection $\{r_{0}, r_{1}, \cdots, r_{l}\}=\{t_{0}, t_{1}, \cdots, t_{n}\}_{\cap}\{s_{0}, s_{1}, \cdots,s_{m}\}$ , ${\rm Max}(r_{k}-r_{k-1})<\delta k$ It is obvious that if $E$ is uniformly convex, then $E$ has the property $(^{**})$ . So our reesults generalize that of [3] .
By the way, we will show that R.L. We remark that $R.L.(f)$ is convex whenever the range of $f$ is relatively compact. This is an immediate consequence of the facts that the set of Riemann limits is convex for finite dimensional spaces and that in the convex hull of the range of $f$ , the norm topology coincides with the weak topology.
The separability of the range of $f$, however, does not give such an advantage; if R. L. $(f)$ is not convex, then we can find a countably valued function $g$ (suitably modifying $f$) for which R.L. $(g)$ is also not convex. Let $E$ be $l^{1}(R),$ $R$ being the set of all real numbers considered as a discrete space; an element $x$ of $E$ is a function of $t\in R$ such that $\sum_{t\epsilon R}|x(t)|<+\infty$ , and the norm of $x$ is defined by this sum. $e(t)$ denotes the characteristic function of the set consisting of one point $t$ .
We put
where $\epsilon_{n}$ are chosen so that $\frac{k}{2^{n}}$ $\frac{k}{2^{n}}-\epsilon,$ $\frac{k}{2^{n}}+\epsilon_{n}$ are all different for all possible $n$ and $k,$ $\epsilon_{n}<\frac{1}{2_{n}}$ , and $\sum_{n}2^{n}\epsilon_{n}<+\infty$ . Let $S_{n}(n=1,2, \cdots)$ be mutually disjoint subsets of $(1, 2$ ] such that every $S_{n}$ is dense in $(1, 2$ ] and $\cup S_{n}=(1,2$ ].
$n$
For an arbitrary element $a\in E$ , a function $f_{a}$ of $[0,2]$ into $E$ is defined as follows:
Consider a sequence of Riemann sum of $f_{a}$ which converges to $b\in E$ and for which the order of partitions tend to $0$ . Without loss of generality, we can suppose that $t=1$ is one of the partition point for each of the Riemann sum in the sequence. We denote by $s$ an arbitrary member of the sequence; we can write
Replacing the sequence by a suitable subsequence, we can suppose that $\delta$ converges to $\lambda$ with for every $m=0,1,2,$ $\cdots$ , where $\delta$ is the order of $s$ ; if $\delta$ is sufficiently small, then (2) can be arbitrarily small, and hence we can modify the Riemann sum We remark that $P\circ f_{a}$ is an example of separable valued function with the non convex set of Riemann limits, where $P$ is the projection of $E$ to the closed subspace generated by $\{e(\frac{k}{2^{n}}-e_{n}),$ $e(\frac{k}{2^{n}}),$ $e(\frac{k}{2^{n}}+\epsilon_{n});n,$ $k=1,2,$ $\cdots\}$ and $a=e(1)$ . Here R.L. $(P\circ f_{a})$ contains elemnts other than is obviously subordinate to $\{A_{n,m}\}$ . Thus our proof is completed.
